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Boundary-value problems of enhanced backscattering in a system consisting of a random medium and
boundaries are investigated, based on the Bethe-Salpeter (BS) equation formalism. The solutions are
shown to be obtained, independent of the boundary-value problems involved, from the incoherent part of
the solutions when normal scattering is assumed throughout, and also from the variety of expressions
that are available to choose from, according to a previous theory that was developed to write various re-
sults in a unified form, so that the medium and boundaries are involved on exactly the same basis. The
method is based on the coordinate-interchange principle, and the procedure is simple when the inter-
change is made through optical expressions. The BS equation of the second-order Green’s function can
be regarded as a four-coordinate function equation. This observation leads us to write basic equations in
a manifestly invariant form against an arbitrary coordinate interchange of the four coordinates involved.
A detailed inner structure of the BS equation is found therefrom, independently of the specific medium
involved. A close relationship with the fourth-order Green’s function is shown.

PACS number(s): 03.20.+i, 05.40.+j, 03.80.+r, 05.60.+w

I. INTRODUCTION

In previous papers [1], scattering by a system of ran-
dom media with rough boundaries was investigated,
wherein a scattering matrix of the entire system was con-
structed by successive addition of independent scattering
matrices of the medium and the boundaries, together
with the optical condition of each scattering matrix in-
volved, as well as that of the entire system as one scatter-
er. The theory was developed based on the Bethe-
Salpeter (BS) equation, which was introduced for a sys-
tem of random layers with a possible fixed scatterer em-
bedded [1,3] and in which the random medium and the
rough boundaries were treated on exactly the same foot-
ing so that several expressions are possible for the same
quantity by interchanging the roles of the medium and
the boundaries, providing us with a variety of expressions
to choose from. Based on the reciprocity principle,
enhanced back-scattering was understood as a natural
consequence of requiring the coordinate-interchange in-
variance for the solution of the BS equation, as had been
emphasized by Vollhardt and Woélfe [4] in connection
with the Anderson localization problem in condensed
matter [5,6]. The cyclic diagrams had been introduced
and evaluated previously to account for the enhanced
backscattering [7]. Also for light waves, enhanced back-
scattering by a random medium has been investigated
both theoretically and experimentally [1,8—10] and the
coordinate-interchange principle was utilized to derive
the results in a simple manner, within the diffusion ap-
proximation. Here the boundary condition for the
diffusion equation changes from one boundary to anoth-
er, depending on a surface impedance determined by the

boundary scattering matrix [1]. Enhanced backscattering.

by a fixed scatterer embedded in a random medium was
investigated in detail [10] and effective scattering ma-
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trices of the scatterer for both the normal and the
enhanced backscattering were introduced, which include
effects of the multiple scattering between the scatterer
and the surrounding random medium, as well as the sha-
dowing effect, with particular attention to detailed equa-
tions of power conservation involved.

In this paper, basic equations are first briefly reviewed
by following the procedure of previous papers [1-3], to-
gether with alternative versions of the equations (Sec. II).
The BS equation thus derived for the second-order
Green’s function is naturally a two-coordinate matrix
equation and is rewritten as a four-coordinate function
equation which enables us to formulate equations of the
enhanced backscattering systematically in a unified form
for a composite system of random layers and rough boun-
daries (Sec. III). The BS equation is further rewritten in a
perfectly symmetrical form with respect to the four coor-
dinates involved, leading to a detailed inner structure of
the BS equation and related optical relation (Sec. V).

II. BASIC EQUATIONS

The coordinate vector in three-dimensional space is
denoted by X=(x,x,,x3)=(p,z) with p=(x,,x,) and
z=x5, where the z axis is taken in the direction normal
to the average boundaries (Fig. 1), The scalar product of
two space vectors a=(a,z,) and b—(b b,) is denoted by
a-b=ab+a ,b,, where a-b=a b, +a,b,. We first con-
sider two random layers separated by a rough boundary
which is planar on average, as illustrated in Fig. 1. A
scalar wave function ¥(%)e’®, where » >0 and ¢ is time,
is considered and is denoted in each layer by ¥,(X),
a=1,2, whose wave equation is

[La——qa(ﬁ)]lpa(i):]‘a(i) ’ (213)
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FIG. 1. Geometry of a rough boundary for Eq. (2.4). The
real boundary S is distributed within the range 0>z > —d,.

2

L,=— a% —k2, Im[k,]<0 (2.1b)
Here g, =g, is the random part of the medium and j, is

a source term; k, is the propagation constant when the
medium is free from the random part and the medium is
assumed to be nondissipative for the time being. The
boundary condition is first assumed to be the continuity
of ¥, and its gradient normal to the (real) boundary sur-
face and, consistently with this, the power flux vector
W (X) in the k, space is defined by

W, (R)=yray,R), (2.2a)
with a vector operator & defined by
a=@i ' |2 -2 (2.26)
X oX

where the left and right overarrows mean the operation
on the left- and right-hand sides, respectively. Hence the
power equation is

a%-z W, =3 Q) YR —vr®], @3
X a a

except the boundary. Here W,(%)=0 for % in k,#k,
space.

The boundary condition can be transferred from the
real boundary S onto two reference boundary planes, say,
S; and S, at z=0 and —d,, respectively, chosen such
that the change of the boundary height is ranged between
S, and S, (Fig. 1); hence, with the notation
3@ =1'.(8/3%), where @'’ is the unit vector directed
outward normally to S,, the boundary equation can be
written as [2]

2
—3Pa(p)=3 [dp'B4Y(plp ), (p") (2.4)
b=1
Here v¥,(p) denotes ¥,(X) bounded on S, and when the
boundary is nondissipative,

B;;Z)T(Plp/)EB’();Z)*(pflp) (12 (P|P (25)

i.e., the matrix defined by the elements B(m(pI p') is Her-
mitian with respect to both the coordinates and the sub-
scripts. This means that B!? is a real symmetrical ma-

trix in view of having symmetrical matrix elements, as
can be shown by applying the Green’s theorem to the
boundary space enclosed by S; and S, and using Eq. (2.4)
for arbitrary two solutions ¥,(X) and ¢, (X), say, with the
vanishing contour surface integral over both sides of S.
Hereafter, the boundary space will be neglected, on let-
ting d, —0, unless otherwise noted; so that S,,=S,+S,
at z=0 represents the two reference boundary planes to-
gether. The wave equations (2.1) and the boundary equa-
tion (2.4) can be written by one wave equation of the form
[1,3]

(L, — 2 By, =], . 2.6)

Here both B/}? and g, are regarded as %-coordinate ma-
trices, defined by the elements

BUP[RIR)=8(z+d, )B4 (plp)d(z'+d,) ,d,=0 (2.7)

and ¢,(X[%')=q,(X)8(X—X%’). The solution is subject to
the boundary condition that 3'”y, =0, a =1,2, inside the
boundary space 0>z > —d,. The proof can be given by
integrating Eq. (2.6) with respect to z over two
infinitesimal regions enclosing S; and S,, separately;
hence Eq. (2.4) is reproduced.

With a matrix v defined by the elements
=q.8.+Bs” 2.8)

the equation of the deterministic Green’s function for the
wave equation (2.6), g, (X|X’), can be written as

> (L6, — v, )85 (RIR')=8,,8(R—%") , (2.9a)
or in matrix form as
(L—v)g=1, v=g+B"1? . (2.9b)

Here v may be regarded as an effective medium represent-
ing both the medium and the boundary on an equal basis.
Since v is a symmetrical matrix with respect to both the
coordinates and the subscripts, vT=yp, the unified wave
equation (2.9b) shows that the Green’s function is also
symmetrical, i.e.,

gT=g, v’=v, (2.10)

being subject to the reciprocity.

For a general class of scalar waves, the continuity con-
ditions on the (real) boundary can be reduced to those of
¥, and 7, '9,v,, with some constant 7, depending on
the ath medium, and the equations can be similarly for-
mulated without changing the basic form [2].

A. Statistical Green’s functions

Equation (2.9b) enables us to obtain the statistical
Green’s functions in exactly the same form as those in an
inhomogeneously random medium v and the results are
summarized as follows [1-3]. The averaged version of
Eq. (2.9b) can be written as

(L—M)G=1, G=(g) (2.11)
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in terms of an effective medium M of v, defined by

MG=(vg), M=MP+M"2 2.12)

Here M9 and M''?) are also defined in the same fashion,
by

M(")G=(qg), M(12)G=<B(12)g) , (2.13)

and are approximately equal to the independent contribu-
tions from the medium and the boundary, respectively,
with the elements M98, and M{}?. More precisely,
M'? includes its change caused by the presence of the
boundary B2, say, M (¢12) which works as an effective
change of B/'? due to the medium fluctuation [see also
(3.47)]. The situation is the same also for M‘'?), The ma-
trix M has symmetrical elements as the whole, i.e.,

MT=M, GT=G, (2.14)

although M 9T5£M? and M12T5M 12 strictly speak-
ing. Dividing B'? into two parts, (B‘'?)+b, with the
deterministic part { B{'?’) and the random part b, the di-
agrams of M'? and M¥=M"12— (B?)) are shown in
Fig. 2(a) in series (to the approximation of Gaussian
statistics).

For the statistical Green’s function of second order,
defined by

Lp.ca (R %, [R];%0) = (g2 (R R1)8,4(X,[%3) ), (2.15a)
or in matrix form by
I(1;2)=(g*(1)g(2)) (2.15b)

(here and hereafter, the subscript 1 is attached to the
coordinates of quantities of the complex-conjugate wave
function and the subscript 2 is attached to those of the
original wave function), we first introduce a matrix Av,
defined by

Av=v—M=Aq+AB"? (2.16a)
where

Ag=g—M?, ABUIP=pUD_pr(12) (2.16b)
and employ the expression

g=G(1+Avg), (Avg)=0 (2.17)

for both g*(1) and g(2) on the right-hand side of Eq.

(2.15b). Hence we obtain an expression
I(1;2)=G*(1)G(2)[1+K(1;2)I(1;2)] (2.18)

of the form of the Bethe-Salpeter equation, with a matrix
K (1;2), defined by

K(1;2)I(1;2)=(Av*(1)Av(2)g*(1)g(2)) , (2.19)

in the same fashion as M has been defined by Eq. (2.12).
Here the matrix K can be divided into four parts as

K=K(q)+K(12)+K(q,12)+K(12,q) , (2.20)

which are respectively defined with Eq. (2.16a), according
to
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K'9(1;2)1(1;2)=(Ag*(1)Aq(2)g*(1)g(2)) , (2.21a)
K92(1;2)1(1;2)=(AB"2*(1)AB"2(2)g*(1)g(2)) ,
(2.21b)
K@12(1;2)I(1;2)=(Aq*(1)AB"?(2)g*(1)g(2)) ,
(2.21¢)
KU128(1;2)1(1;2)=(AB""2*(1)Aq(2)g*(1)g(2)) .
(2.21d)
To the first-order approximation
K'9(1;2)={(q(1)q(2)) ,
K12(1;2)=(b(1)b(2)) ,

while K%'2) and K'>9 are of higher order. Their dia-

(2.22)

————
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FIG. 2. (a) Schematic diagrams of M'? and
M®=pM12— (B12)) defined by (2.13), are shown to the fourth
order of g and b, assuming Gaussian statistics. Here G, g, and b
are represented, respectively, by a solid line, filled circles, and
open circles and are connected in the order of their matrix mul-
tiplication. (g ‘- - ¢) is represented by dashed lines connecting
the filled circles of the ¢’s and {b - - - b ) is represented by wavy
lines connecting the open circles of the b’s. The terms from
M%12) and M'29 are included by the last diagram of each, re-
spectively. (b) Nonvanishing elements of K'9(1;2), K2/(1;2),
and K'29(1;2) defined by (2.21) are shown to the lowest order
of approximation, with the same notation as in (a).
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grams are shown in Fig. 2(b) to the same approximation
as in Fig. 2(a) for M‘? and M‘®). They play an essential
role in the enhanced backscattermg and we will return to
this problem in Sec. III. For the time being, however, we
approximate K (1;2) by an independent sum of K ‘¢ from
the medium and K '? from the boundary, as in (2.31).
The matrices M and K, as defined by Egs. (2.12) and
(2.19), respectively, are not quite independent of each
other, subject to a local (optical) relation of the form
2_gR)=r®)-AGRK (2.23)
dp
Here the matrices AG(%|1;2;) and I'(%|1;2) are defined
by

AG(%]1;2)=58(%[1;2)(2i) " [G*(1)—G(2)], (2.24)

[(X]1;2)=8(X|1;2)(2i) " [M*(1)—M((2)], (2.25)
wherein 8(%|1;2) is defined by the elements

8ap (RIR;;%,)=8,,8(X—%)8(X—7%,) (2.26)

such that, for any matrices 4 *(1) and B(2), the product

8(%[1;2)A*(1)B(2)= A*B(X|1;2)= A*B(X) (2.27a)
represents
S [ dR,d%,8,,(R[R;%,) 45, [R))By (R,/%5)
a,b
=3 AX(RIR)B(RIX)) . (2.27b)
Hence, with a matrix @(%) defined by the elements
o RIR 1R =8, (RIRR)(20) 1 == | | (228)
dx, 0%,
the BS equation (2.18) leads to
L (@+BIR)=AGR), (2.29)

%

equivalent to the averaged version of power equation
(2.3), except the B term, which represents an additional
power flux by a surface wave propagating along the
boundary.

A local oFtlcal relation similar to (2.23) holds true also
for each M) and K", approximately, providing the opti-
cal condition of each constituent; e.g., for M 9) and K9,
Eq. (2.23) is replaced by

r'9%)—AGOR)K @=0 . (2.30)

Here G'? is the Green’s function in a homogeneous space
of M'? and the replacement of M—>M'? and K K9
has been made in view of the negligible boundary effect
on M? and K9, The local relation (2.30) leads to the
conventional optical relation of the medium cross section
per unit volume, by the X integration and subsequent op-
tical transformation (Appendix B). The same also holds
for the boundary counterpart.

B. Case of neglecting the enhanced backscattering

The terms K‘?'? and K29 in (2.20) for the in-
coherent factor K are of higher order and negligible, as
long as the enhanced backscattering is not considered.
Hereafter in this section, we (pprox1mate K(1;2) by an
independent sum of K¢ and K!

K(1;2)=K'9(1;2)+K12)(1;2) . (2.31)

Here K'? is a diagonal matrix with respect to the sub-
scripts, having only the elements K, ")_K‘ﬁg’aa, while the
important elements of K'? are K, “”‘K {12).. Hence, in
terms of the notation I} *'?=1,,.,, and

U 1;2)=GX(1)G,(2) , (2.32)

the BS equation (2.18) can be written in 2 X 2 matrix form

as
I(q+12)=U(C)[l+(K(q)+K(12))I(q+12)] . (2.33)

The situation is the same also for the case of a random
layer, as illustrated in Fig. 3, and various equations for-
mally remain unchanged with setting

M=MP+MID+M2>> (2.34)

K~K@+KID+ g2 (2.35)

Thus, using the notation Iég““”’, a,b=1,2,3, for the
second-order Green’s function in this case, we obtain the
BS equation in 3 X 3 matrix form as

I(q+12+23)= U(C)[ 1 +(K(q)+K(12)+K(23))I(q+12+23)] .
(2.36)

Here K9 is a diagonal matrix with the elements
K{@9=K!98, and K''» and K'®® are the contributions
purely from the boundaries S, and S,;, with the nonvan-
ishing elements K;m, a,b=1,2, and Km’, a,b=2,3.

C. Solutions and scattering matrices

To obtain the solution of the BS equation (2.33), we
first introduce the solution in the special case K ‘9=0 (on
keeping M ‘9+0), say, I''?), so that

Uy
2
" \/ " /
z=0 512
2 1
kz + q2 21
-t \ S23
k3
1
31

FIG. 3. Geometry and notations of a random layer for Eqgs.
(2.36), (2.74), and (2.75).
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1(12)-_—U(C)(1+K(12)I(12)) , 2.37)
with the solution

I(l2)= U(C)+ U(C)+ U(C)S(IZ)U(C) , (2.38)

in terms of an (incoherent) scattering matrix S''? of
K12 defined by

S =g 214 yOg2)) (2.39)
and given formally by
SU2=(]— g yO)=—1g12) (2.40)

The Green’s function G,, can be written in the same
form

G =G"8,, +GOTH?G? , (2.41)

in terms of Green’s function G.”in a homogeneous medi-
um of M!? and a boundary scattering matrix T}?’ (Ap-
pendix A is devoted to deriving a specific expression of
T2 in terms of M'!?). Therefore, by introducing a di-
agonal matrix U,(1;2), defined by the elements

U,(1;2)=[G%1)1*G2) , (2.42)
U'© of (2.32) can also be written in the form
U'S(1;2)=U(1;2)+ U(1;2)V'12(1;2)U(1;2) , (2.43)

with a coherent scattering matrix V1?) defined by
V(IZ)( 1,2)= T(IZ)*( 1 )T(IZ)(2)+ T(12)t( 1 )[G(O)(z)]—l
+ T2 [GO*(1)]7 . (2.44)

Herein the interference terms are negligible when the
source and the observer are both separated enough from
the boundary, while they are otherwise not negligible
[e.g., (2.46) and, in the case of shadowing, (3.55)].
Thus, with (2.43), Eq. (2.38) can be written in the form

I"W=U+Uoc'"?U . (2.45)
Here 0''” means a resultant scattering matrix of the
boundary S, and is given by

o=y 12+ (1+y2y)sD(uyiP+1) . (2.46)

The introduction of I!¥ by Eq. (2.37) enables the BS
equation (2.33) to be rewritten as

I(q+12)=_—1(12)(1+K(q)1(q+12)) (2.47)
and hence the solution as
I(q+12)=I(12)+I(12)S(q/12)I(12) , (2.48)

in terms of a scattering matrix $'9/'? of K‘9, defined by

K(q)I(q+l2)=S(q/12)I(12) (2.49)
and hence governed by
S(q/ll)___K(q)(1+I(12)S(q/12)) , (2.50)

with the superscript (¢ /12) meaning the dependence on
o12) through I''?). Here the effect of o‘!?) can be made
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explicit by introducing a solution of Eq. (2.50) in the case
o'12=0, say, §'%9), defined by

§0=K9(1+Us)=(1-KPU)"'K'?, (2.51)

so that Eq. (2.50) is written, on using (2.45), as
st/ =501+ yg1Pys'a/12)) (2.52a)
=(1—-5"%Uc?y)~1s0 (2.52b)

Thus 19712 of (2.48) is finally written, with Eq. (2.45) for

I"? in the form
19 R=r12+(1+ysc') g4 (c"PUu+1).  (2.53)

Here the entire effect of the random medium appears
only through a new matrix 79712, defined by

gla/12) = yg(a/12)y (2.54)
and given as the solution of
F19/12)= g09)(| 4 5(12) gla/12)) 2.55)
where, from Eq. (2.51), 7°? is the solution of
J9=ys9uy (2.56a)
=UKP(U+73%7) (2.56b)

and is a diagonal matrix with respect to the subscripts,
each matrix element of which is the independent solution
in a semi-infinite random layer of g, (z>0) or g, (z <0),
and tends to zero as K (9 —0.

1. Example: Case of a semi-infinite random layer
(g:=0, g,70)

We have .7‘10‘1)=.7(1‘{,/12)=0, b=1,2, and the only non-
vanishing matrix element of 7912 is 754/1?, which, from
Eq. (2.55), is the solution of the integral equation

‘7(73/12).__‘7(2011)( 1 +0'(2122)¢7(2%/12)) . (2.57)
Here 759 is the solution of Eq. (2.56b); hence
I =U,KP(U,+IP?) , (2.58)

which, to the optical approximation, can be converted to
the radiative transfer equation with an incoherent source
term and subject to the condition of no reflection at the
boundary of the medium K (@, distributed over the range
02z2> — o (Fig. 1). Hence, when the wave source is lo-
cated in k, space, I'9"!? in the same space is given ac-
cording to (2.53), by

1§ =1\ + U074 PU, (2.59)
and the wave transmitted into the k, space is
1§D =10+ (14 U027/ olPU, . (2.60)

Another expression of I'9t!2) js obtained by inter-

changing the roles of the medium g and the boundary S,
and is given by
I(q+12):I(0q)+1(0q)0.(12/q)I(0q) . (2.61)

Here I9=19§,, I19=U,+7%, with the in-
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coherent part 79 of Egs. (2.56), is the solution of the BS
equation in a homogeneous medium of K!? when
012=0 and the factor o''?/9) means an effective scatter-
ing matrix of o'!? as affected by the medium fluctuation;

it is defined by

a(lZ)j(q/12)=U(lZ/q)j(Oq) , (2.62a)
j(q/lZ)a.(12)=j(0q)0(12/q) , (2.62b)
which enables Eq. (2.55) to be written by
j(q/12)=j(0q)+j(Oq)a(lz/q)j(Oq) R (2.63)
together with the inverse relation
0(12/q>=0(12)+0(12)j(q/12>0(12) . 2.64)

Substitution of relation (2.63) into Eq. (2.62a) leads to

0.(12/g)=0.(12)[1+j(0q)0(12/q)] , (2.65)
which formally gives 012/, by
0.(12/q)=[1_a(IZ)j(Oq)]—IO.(IZ) , (2.66)

in terms of ¢''?) and the boundary values of 7% on S,.
When g, =0 and ¢,70, Eq. (2.61) shows that

19" =v,+U,0{??U, , (2.67)

which provides an alternative expression of (2.59).

Also for the case of three random layers, as illustrated
in Fig. 3, the situation becomes the same by introducing a
solution of when K\?=0, a=1,2,3, say I''?*23 and let-
ting 11223 do all the roles of I''? in the equations of
I1'97%12); that is, the basic equations (2.53)-(2.56) remain
unchanged with the replacement of the superscript (12)
by (12+23) and using the expression

Ié;2+23)= Uasab + Uaag’2+23)Ub . (268)

Here, when the distance between the two boundaries L is
sufficiently large compared with the wave coherence dis-
tance, say, 7, ', so that ¥,L >>1, 012723 can be approxi-
mated by

0-“2+23)zg-“2)+0-(23) R (2.69)

being the inde%)cndent sum of the two boundary scatter-
ing matrices 0''? of S, and 0'?*) of S,;. Thus the solu-
tion I'9112+23) of Eq. (2.36) can be expressed, in refer-
ence to Eq. (2.53) for I'9712), by a 3 X3 matrix equation
as

I(q+12+23)=1(12+23)+( 1+ Ua.(12+23))

X j(q/12+23)(a(12+23)U+ 1).
(2.70)

Here, with the approximation (2.69), Eq. (2.55) is
changed to

y(q/12+23)=j(0q)[ 1 +(a.(12)+U(23))j(q/12+23)]

=j(q/12)[1+0.(23)j(9/17-+23)] 2.71)

=j(q/12)+j(q/12)0(23/q+12)j(q/12) , 2.72)
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with a scattering matrix ¢ 33/9%12) of 523 defined by

0(23)7(q/12+23)=0(23/q+12)5(q/12) X (2.73a)

Here it can be shown that

0(23/q+12)= [ 1 _0(23/g)j(0q)0(lZ/q)j(Oq)]—10.(23/q) ,

(2.73b)

which has been given exclusively in terms of the effective
scattering matrices of the boundaries 0'?*/? and ¢(!12/?
and the boundary values of 77 on S, and S,;.

2. Example: Case of a random layer
(g;=¢3=0, ,70)

The only nonvanishing element of 79712723 in (2.70) is
J54712%23) in this case. Hence, when the source is in k,
space and the layer width L is large enough so that
y,L >>1, I'9712%23) within the same space is given, with
I(12+23) ~J412) p

11 =1y, by

1(1'{+12+23) =I(1112) + U10(1122)‘7(23/12+23)0(2112)U1 (2.74a)
—rlg+12) (12/9) 4(0q) (23 /g +12)
=I% +U 0T Y05
X I U, (2.74b)

where the second expression has been derived by substi-
tution of (2.72) and followed use of relations (2.62) with
expression (2.59) for I{{*!?. Thus the second term of Eq.
(2.74b) means the entire effect of the boundary S,;, in
terms of the effective scattering matrix o''2/%) of S, and
the corresponding matrix o®3/9%12) of S,;, which in-
cludes all the effects of multiple scattering between o %>,
02, and the medium q,. Similarly, the wave transmit-

ted into k; space is given by
(g+12+23) — (23) (¢ /12+23) _(12)
I =Uso3; T3 o Uy

_ (23/¢+12) 7(0g) (12/q)
=Uz035, 7" 99, %0570, ,

(2.75a)
(2.75b)

where the contribution from I42*?*) has been neglected
and the second expression is a direct consequence of rela-
tion (2.73a).

In Egs. (2.74a) and (2.75a), the random medium is in-
volved only through the boundary values of 73%/'2*23 on
S, and S,; and, in view of the present condition
v,L >>1, the latter can be approximately obtained from
the boundary-value solution of a diffusion equation sub-
ject to appropriate boundary conditions that are deter-
mined by ¢''? and ¢/, as was previously done for the
present case in some detail [1]. The same is also true for
J% to numerically evaluate o!'?/?, ¢/9 and
o'23/4%12) according to Egs. (2.66) and (2.73b), and there-
by to obtain I{{*!? and I{§"'?*?¥ according to Egs.
(2.67) and (2.74b), respectively.

III. COORDINATE INTERCHANGE INVARIANCE
AND THE ENHANCED BACKSCATTERING

The deterministic Green’s function is subject to the re-
ciprocity g(&|X')=g(&'|%) or gT=g, in view of v T=v in
the governing equation (2.9b), and therefore not only the
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first-order Green’s function subject to G(’il’i’)ZG(’:i,' I/’;;E’), U=U,=U,, . (3.10)
but also the second-order Green’s function I(X;%,|X};%5) )

should be invariant for each of the interchanges x,«»x|  Hence Egs. (3.8a) and (3.8b) can be written as

and x,<>x5, independently. This results in that, based on § =I€12 +K,, UuS" (3.11a)
this simple symmetry alone, we can find a fundamental . .

structure of the basic matrix K to a considerable extent =K, +K,K3,1 , (3.11b)

without knowing the details of the specific medium in-
volved.

We first consider the case of a homogeneously random
medium g so that K=K '? [whenever necessary, we can
replace the K by that of a composite system, e.g., of

(2.20)] and introduce a four-coordinate function
I(xl,xz,x3,x4) defined by
I(xl,xz,/x\3,'x\4)=I(ﬁ1;'x\2|’i/1——>/x\3;'x\'2—«>ﬁ4) ) (3.1)

and similarly a four-coordinate function U defined by

U(R}, %0, %3,%4) =G *(,1%,)G (%,|%,) 3.2)
Also we rewrite the matrix K in the BS equation (2.18) by
using the notation K|, to make sure that it is a two-
coordinate matrix with respect to X, and X, with the ele-
ments K (%;;%,/%];%}), on using the primed coordinates
for the row, so that K,/ represents

[ axidRK R %IRRT (R),R5,%5,%,) - (3.3)
In the same way, U will be rewritten by U,, when using it
in the original meaning and the original I will likewise be
rewritten by I, whenever confusing. On the other hand,
the matrix K,, can also be regarded as the four-
coordinate function K 2{x1,X,5,%3,x4), defined in the
same way as I had been defined in terms of I =1 12 by Eq.
(3.1).

Thus the BS equation (2.18) can be written by

I=U+U,K I, (3.4)
with the solution

I=U+u,U,,S, 3.5)
which represents

I=U+USU, (3.6)
in terms of the scattering matrix S of K, defined by

KI=Su, IK=US, (3.7
and given as the solution of

S=K(1+US) (3.8a)

=K +KIK . (3.8b)

Here Uj;, is the matrix when U is regarded as a matrix
with respect to X, and %,, say, the X;-X, matrix, with the
elements

URyR|R5%,)=G*RRG R, (3.9)
and therefore commutable with Uj,, ie, UpUs,

U34 U,,; a function Us, is also defined by (3.9) with
X3—X, and };,—%,, being cyclically changed within the
odd and the even numbers, respectively, hence

in a form similar to Eq. (3.5).

Here we observe that the function I is invariant against
the interchange of X, and %, as we already noticed based
on the reciprocity, and therefore I=1,=1 14> in view of
the matrix elements of I,, which are given by those of I,
with ®,—%, and X,—X}. Similarly, U=U 14 and

UpUyy =U U3, =UP=G*(1)G(2)G*(3)G(4) . (3.12)

We can write the conventional reciprocity as I 12 =1 345

S, =S4, and K 12=Kjy,;, which are the invariance

against the simultaneous interchanges X x1<—>x3 and X,>X,.
Thus we learn from expression (3.5) of I that

SESu:SM (3.13)

and, therefore, by the interchange X,<>%, in Eq. (3.11a),
S=K,,+K,,U,S, (3.14)

which, upon comparing with the original equation
(3.11a), shows that K ,#K |, and that K 12 can be written
in the form [4]

K, =K°+K,U,S , (3.15)

with a symmetrical (and irreducible as defined below) ma-
trix K ° subject to

K°=K9,=K9,=K3,=KY%, . (3.16)
In fact, the second term of (3.15) is “U,, irreducible” in
the sense of having no part that can be written in the
form A4,U,B,,, so that its diagram is inseparable into
two parts 4, and B;, by cutting the two lines of
U;,=G*(1)G(2) [Fig. 4(a)]. The substitution of Eq.
(3.15) into the first term of (3.11a) yields a symmetrical
expression of S [Fig. 4(b)]

S=K°+K,U;,S+K,,U,S , 3.17)
which, from (3.14), shows that
1?14=I€0+K12U12§ ’ (3.18)

which is the same equation as that obtained from Eq.
(3.15) by mterchangmg X, and X,, as it should be to be
consistent. K, is U, irreducible with the irreducible K°
with respect to both U,, and U,,.

Equations (3.7) can be written by the function equa-
tions as

KpI=UyuS, K JJ=U,S , 3.19)
leading to the relations
K UpS=Ky Uy S=K ,K,I (3.20a)
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(a) K2 = ; +

FIG. 4. (a) Diagram of expression (3.15) for K. The broken
lines and the bold broken lines represent ) & 12 and K (v=1,3;
pn=2,4), respectively, and the (horizontal) solid lmes represent
G* or G. (b) Diagram of the integral equation (3.17) for § with
the same notations as in (a).

and, by the interchange X,<>X,, also

K U S=K3,UpS=K K1 . (3.20b)
Thus Egs. (3.15) and (3.18) can be written by

K=Ky =K +K K31, (3.21a)

K =K, =K, +K,K;, [ (3.21b)
and Eq. (3.17) by

S=Ko+KW¥I, (3.22a)

in a symmetrical form in terms of a coordinate-
interchange-invariant matrix K *), defined by

K=K ,K3,+K,K;, . (3.22b)

The corresponding equation for I is given from (3.5) with
U™ of (3.12), by
I=U0+U%s . (3.23)
Equations (3.22a) and (3.23), which are written in a
manifestly coordinate-interchange-invariant form, corre-
spond to the original equations (3.8b) and (3.6), respec-
tively, and provide a basic set of equations to find the
four-coordinate functions S and I, with the approximate
K™ obtained by setting K =~K? the latter approximation
can be avoided with Egs. (3. 21) for K,, (where v=1,3
and p=2,4) at the expense of solving the resulting non-
linear equations of S and I. Thus we obtain a governing
equation for § in the form

.§=I€(”+K(4)U(4)§ ,
KV=K°+KWU .

(3.24a)
(3.24b)

A. Approximation

In this section we consider a complex system of ran-
dom medium and boundaries; hence, all the U’s in the

preceding section are changed to U'C), defined by (2.32)
and written in the form (2.43). We also make the approx-
imations K , ~K?{, and K, ~K?$, in Eq. (3.17) to regard
it as a linear equation of S. Thus
S=K,+K%LUSS ,

K,=K°+K%,US ,

(3.25)
(3.26)

where Eq. (3.26) is from (3.15).
To find an approximate K, from (3.26), we substitute
expression (3.25) for S, hence
K,,~K°+KQ UK, 3.27
upon neglecting the term K$,USQK%,U'S'S, whose in-
tegrated contribution is generally small and is neglected
in conseguence of being a cross product of K9,U\$ and
K%,U$’S. The solution of Eq. (3.27) can be wrltten as

v 30

=5%=(1—-K%U(Q)"1KO (3.28a)

=K°+K9,U'9sY, , (3.28b)

in terms of the 5’,4 that can be obtamed on making the
1nterchange x3<—>x4, from the solution 9, of Eq. (3.8a) in
the case K ~K°.

Summarizing, the result (3.28b) can be written in the
form

K=K°+AK . (3.29)
Here
AK =89, —K°=k9,U\9S, (3.30a)
=K9,K%I° (3.30b)
and the substitution of (3.29) into (3.25) leads to
S~=S°+AK . (3.31)

Hence the resulting I from (3.5) can also be divided into
two parts as

I=10+ J(back) (3.32)

Here I° is the term due to the normal scattering and,
from Eq. (3.30a),

Jback) — 74O\ F (3.33)
=7, —UWOK®, (3.34)

in which U*© is the same as U of (3.12) except that U
has been replaced by U'© of (2.43); the first term is that
which is obtained from J°, the incoherent part of I°, by
the interchange X,<>X,; the last term is a contnbutlon by
the single scattering by K°, which will often be neglected
hereinafter. Thus we learned that, to find the term I(®2°kK)
which is responsible for the enhanced backscattering, we
only need the incoherent term in the normal scattering,
independent of the boundary-value problems involved.
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B. Case of a semi-infinite random layer
(g,=0, ¢,70)

As the basic matrix K in this case, we choose

KO=K (@4 g(12) (3.35)

from (2.31); more exactly, the right-hand side should be
written as K©? + K12 say, as a sum of independent
contributions from the media ¢ and B,;,. Hence the
second-order Green’s function in the case of the normal
scattering is 19 1=y O+ 799 *12) with the incoherent
part 79712 to be given by (3.38), while the basic matrix
K can be written, from Egs. (3.29) and (3.30), in the form

K=K94+K12D4AK | (3.36)
AR = [(K(‘”+K“2))14(K"1’+K‘12))32Iv(q+12)] . (3.37)

Here AK includes only the second- and higher-order
terms of K9+ K12,

Shown in Fig. 5(a) are the diagrams of the first several
terms of the original (3.37) before the coordinate inter-
change (assuming Gaussian statistics as in Fig. 2), while
shown in Fig. 5(b) are those after the interchange X,<>X,,
which are, therefore, those of the resulting AK. In Fig.
5(b) the first term is just the second-order term of K 1%
defined by Eq. (2.21b) and the first term of the second line
is the first nonvanishing term of K (#!?) defined by Eq.
(2.21c); AK naturally depends on V2 to fulfill the
boundary conditions involved. Thus K%!? and K129

FIG. 5. (a) Diagram series of AK,, from (3.37) before the
coordinate interchange X,<>X,. The dotted lines and the dot-
dashed lines represent K'? and K'?, respectively, and the
square box represents T*'? defined in (2.43) with (2.44). The dia-
grams in the first line are the contributions purely from the
boundary and those in the second line are from the close terms
made by the medium and the boundary. (b) The diagrams of
AK =AK,, are shown, which are obtained from those of (a) by
the interchange X,<>%,.
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are both produced as a consequence of considering the
coordinate-interchange invariance and are nonlocal,
long-range functions fulfilling all the boundary conditions
involved, in contrast to the basic parts K¢ and K%
chosen for K in (3.35), which are short-range functions
of the order of the medium correlation distances.

In the present case in which ¢;=0 and ¢,70, we
choose expression (2.59) for 1912 in the region z >0 to
give the incoherent part 74712 by

D= gy o179/ WDy, (3.38)

where J{!?) is the contribution purely from I{}? [the sub-

scripts in (3.38) refer to the space numbers and not to the
coordinate numbers as employed in (3.34)]. Thus, once a
specific expression of Ji{*!? is obtained with an ap-
propriate method including the diffusion approximation,
for example, I (back) can be obtained therefrom by the
coordinate interchange %X,<>X, according to Eq. (3.34).
Appendix B is devoted to the interchange procedure to
derive I'**°%) from the optical expression.

C. Case of a finite random layer
(¢9:=¢3=0,¢,70)

With the geometry in this case as shown in Fig. 3, we
now choose

Ko=K@4+ K12+ g23 (3.39)
hence Eq. (3.36) and (3.37) are replaced simply by
K=K9+K"+K+AK , (3.40a)
Ak z[(K(q)+K(12)+K(23))14
X(K(q)_|_K(12)+K(23))32i(q+12+23)] , (3.40b)

with the replacement of K2 KU124+g(3) ap4

I(q+12)_)1(q+12+23). Here

UO=yu+yuy2+ady | (3.41a)
where
pz+23) L pi2) 4 p23) (3.41b)

when the two boundaries are separated enough to be
y,L >>1, like 02123 in (2.69). Hence most of the previ-
ous equations remain the same with the replacement of
the superscript (12)—(12+23). Thus the entire in-
coherent part of I'§*12%23) glq+12+23) s given, from
(2.74a), by

+12+23) — 7(12) (12) (g /12+23) __(12)
j(ﬁ =717+ U 07958 051Uy

Here 79712723 s given by (2.72) in terms of J'9/'?) and
the o374%712) of (2.73b), which means an effective
scattering matrix of the additional boundary S,; at
z=—L, while, when y,L >>1, 7(2‘5/12“3) can be directly
obtained as the boundary-value solution of a diffusion
equation [1].

Thus, once a specific expression of the last term is
found, e.g., through its optical expression, the wave in-
tensity due to the enhanced backscattering by the bound-

(3.42)
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ary S,; can be found based on the principle (3.34), by the
coordinate interchange according to (B21) with (B25) and
(B26).

D. Fixed scatterer embedded in a semi-infinite random layer

Here we consider the case in which a fixed scatterer
q,(X) is embedded in the random layer of g,(X) at
Po={poz=—L) with the geometry of Fig. 6, so that the
original wave equation (2.1a) is changed, with ¢ —q +¢,
and y—9¥'%, to

(L—q,—g W' V=],

except on the boundary S;,. Correspondingly, the equa-
tion of the deterministic Green’s function in this case, say
g‘¥, is changed from Eq. (2.9b) to

(L—q,—v)g¥=1, v=¢g+B"? .

(3.43)

(3.44)

Thus the equation becomes formally the same as in the
previous case of three random layer in which
v=q+B"2+ B3 and, consequently, the followed equa-
tions also become written by the same equations with the
replacement of 0?® by an effective scattering matrix of
the scatterer [1,10].

To obtain the first-order Green’s function
G'¥={(g'¥) we observe that the M, as defined by (2.12),
is changed to M +AM , by an amount AM ,, according to

(vg' @) ~(gg®)=(M+AM_)G'? ; (3.45)

i.e., AM, is a change of M caused by the scatterer and
has the diagram as shown in the series in Fig. 7, upon
neglecting the corresponding effect by the boundary S,.
Hence we can write the average of Eq. (3.44), as

(L—M—g,)G9=1,
9.=9,TAM, ,

(3.46a)

(3.46b)

in terms of the effective scatterer g, and the solution as
G'¥=G+GTYG , (3.47)

in terms of G=G,, in the medium M and the scattering
matrix T of g/, defined by

12 I
Sy S,
9 =0 )
o P12
z= -
_ \ B(12)
Ay Py =(Pq,-L)

FIG. 6. Geometry of random layer and fixed scatterer for Eq.
(3.44).
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-

~_——-

FIG. 7. Diagram of AM , defined by (3.45) for a fixed scatter-
er. Here G, K~K?", and T¥ are, respectively, represented by
solid lines, broken curves, and triangles.

TY=q,(1+Gy TY¥)=(1—q,Gy) 'q,, . (3.48)

Thus, by the fixed scatterer, U'©(1;2) of (2.43) is
changed to UG (1;2), say, of the form

U Ca=py+ypylety . (3.49a)

Here, when y,L >>1, V@t 125 p@ 4 p(2): hence we can
write

U(C,a)= U(C)+AU(a), AU(a)"-—': UV(a)U , (3.49b)

where AU'®’ means the change caused by the scatterer
and V'?(1;2) is given by the same expression as (2.44) for
v12(1;2), except T2 —TH,

Here, to obtain the incoherent part of wave in the
present case, say JHHH‘”, we observe that another ex-
pression (2.74b) for I'§712*23) can be conveniently uti-
lized as it is, with the replacement of the superscript
(23)—(a). Hence

j(lti+12+a)=jg<{+12)+ U U(l2/q)j(0q)V(a/q+12)

X FPVo 29U, (3.50)

Here V(*/9%12) i5 given, from (2.73b) with 0®® — V'@, by

yia/a+i2) =1 — /e 70 {12/a 7001~ 1y la/a) | (3.51)
Here, from (2.66),

Vg0 =[1- Vi 79011V (.52

which means an effective scattering matrix of the scatter-
er g, embedded in a semi-infinite random layer
02z 2 — oo, with a free boundary at z=0; it includes the
entire effect of the multiple scattering between the
scatterer and the random medium, and its optical cross
section, say yla/q) QIQ’ for the wave incident from
direction €’ and scattered in direction Q becomes criti-
cally negatlve in the shadow direction, in view of the
original V'@(Q|Q’), which is given by [10]

VoQ|8)=c(8|8")—y@(0)s%8 -9 , (3.53)

with the conventional cross section a(a’(ﬂlﬂ') and the
total cross section y(a)(ﬂ) of the scatterer. Hence

[a@v @)~ [dQr=d@|8)~0, (.59
meaning that the total scattered power should be nearly
zero as the whole. This is a consequence of the shadow-
ing effect which results from the interference terms of
V'@ gsimilar to those in (2.44) for V12 (for details, see
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Ref. [10]).

The integral (3.54) has a small negative value and the
absorbed power thereby is spent to make the enhanced
backscattering by the scatterer. Here the latter wave in-
tensity observed in the k; space can be obtained from an
optical expression of the second term of (3.50), with the
coordinate-interchange method as described in Appendix
B.

IV. BASIC EQUATIONS IN AN INVARIANT FORM
OF THE COORDINATE INTERCHANGE

The previous equations can be rewritten in a more
symmetrical form with respect to the coordinates in-
volved. We first assume a homogeneously random medi-
um with the BS equation of the form (2.18); the extension
to the case of a composite system of random medium and
boundaries can be achieved simply by the replacement
(2.20) or, more briefly, (2.31), as we did in Sec. III. We

first introduce the notations hm and o defined by

hy, =K, U, » (4.1a)

Ty =1—h, =1-K, U, , (4.1b)
where v=1,3 and 1=2,4 and observe that Eqgs. (3.11a)
and (3.14) can be unified to be written by

S=Km+th 4.2)
or simply

T, S=K,, , 4.3)

which says that the operation of 7 s O S yields its U
irreducible part K From Eqs (3.15) and (3.18), the
K s are written 1n terms of K and S by

K12=K +h14S, K ,=K°+h,,S, (4.4)
and S is governed by Eq. (3.17) or
S=K°+(h,+h,)S . (4.5)

Also, from Egs. (3.20), there exist the following relations
between S, I, and K o

h 12§=h34§=K12K34i ’
hiuS=hypS=K Kyl .

(4.6a)
(4.6b)

The BS equation (2.18) as a two-coordinate matrix
equation can be generalized to be written by

1,,=U,[1+K_I,],

4.7)

which is reduced, in terms of the transposed matrices i'u

and Tou of hi'# and T s respectively, by

h,,=U,K,, 7,=1—h, , (4.8)
to the function equations

Tl =Ir,=U,, 4.9)

in the same form as Eq. (4.3) for S. The functions I and §
are connected with each other by relations (3.19), which
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can be unified to be written by

KWI=U""S, K I=ULS , (4.10)
with the superscripts v and u, which stand for the sub-
scripts with the complementary odd and even numbers,
respectively. Equations (4.6) provide another version of
the same relations, yielding

th=h""S=KV#K"“I ; 4.11)
the counterpart set of equations in which the roles of I
and S are interchanged are

R, d=R*I=U"Ss (4.12)

The K ‘.,#’s are expressed in terms of s through Egs.
(4.4), which are expressed by

K, =K°+h4s (4.13a)

=K°+KUKT=K™ . (4.13b)

Here the second expression has been written in a symme-
trical form, with the aid of (4.11), and the last relatlon is
the reproduction of the conventional remprocuy K°

fully irreducible, subject to the condition (3.16), i.e.,
K°=K}, (4.14)

A manifestly symmetrical expression of S is obtained
by rewriting Eq. (4.5) as

S=K°+(h,+h )S+hy,y(S—K,—h
+h34(§_Kv12_h

14S)
128) . (4.15)

Here the last two terms are identically zero in view of Eq.
(4.2). Hence

§'=(h12+h14+h34+h32)Sv_(h12h34+h14h32 )§+Jv >

4.16)
where

J=K’—KkWyU , 4.17)

and works as a source term when solving Eq. (4.16) with,
say, the approximations K, ~K Sﬂ and hl.,“zhg . The
first term on the right-hand side of (4.16) is then linear in
h(i)'u and the second term works to eliminate the excess
terms of doubled diagrams to be made by the first term.

Equation (4.16) can be rewritten in terms of T o of (4.1b)
as
S=(h 12Tt hampthmy+hym)S
+(hyphyy+highsy)S+T . (4.18)

Here we can directly observe that Eq. (4.18) is equivalent
to Egs. (3.24), the sum of the first term and J being re-
duced to K1 of (3.24b) in view of relations (4.3). It may
be noticed, however, that the two equations are not
equivalent to each other when making the approximation
K ” ~K? w ON the respective right-hand sides, with the ex-
pectation that Eq. (4.16) provides an improved version of
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the original equation (4.5), as long as the same approxi-
mation is employed on the both right-hand sides. Each
term on the right-hand side of (4.18) has a particular
meaning as follows: the term h17~77'345v' is the Uj,-
reducible but Ug,-irreducible part of S, the term h3,7,S
is similarly the Uj,-reducible but U,,-irreducible part of
S, the term h,h5,S is the reducible part for both U 12 and
U,,, and all the other terms are the irreducible parts for
the both. The same is also true for another pair of com-
bination U,, and U, constituting U of (3.12).

V. STRUCTURE OF K °

In expression (3.17) for S, the term K° is irreducible
with respect to U,, Uy, Uy, and Us,, but still reducible
with respect to U;3=G*(1)G*(3) and U,,=G(2)G(4)
and can be divided into a few reducible and irreducible
parts of them by following the procedure to derive the
preceding expressions for S. We first write S by two
equations as

S=K|3;+K3U;S
=I€"24 +Ky U24§ ’

(5.1a)
(5.1b)

with a U,;-irreducible matrix K3 and a U,,-irreducible
matrix K,, [Fig. 8(a)], in the same fashion as Egs. (3.11a)
and (3.14). Here K,;=K3; is an ’il-’i3 symmetrical ma-
trix and K,, =K, is likewise an X,-X, symmetrical ma-
trix. Unlike K, from K ,,, the four-coordinate function
K 13 is not directly connected to the matrix elements of
K 13 and simply means the U j;-irreducible part of S,
which is possibly reducible for all the U, o ’s and U,, [see
(5.14)]; similarly, K 51mPly means the U,,-irreducible
part of S. Here, to write K°, we introduce a symmetrical
function

K®=KY%=K%=K%=K%, (5.1¢)

which is irreducible with respect to U,;, U,,, and all the

> >0
U oS and express K- by

2 21 _.___4 .
(a) Koo | = - + . P

1 3
(b) K. = so + s° + so Foeee

2 4 E
FIG. 8. (a) First four lowest-order diagrams of the matrix

K4 are shown, which is defined by (5.1b) and represented by a
bold broken line in (b). The dotted lines represent K.,
i -l=l’2’3’4' (b) First three diagrams of the series (5.14a) for
K 13«
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K°=K®+KpUpK3 +K3U 3K +K 3 UKy UpK
(5.2)

in the same fashion as Eq. (4.18) for ,§’; i.e., the second
term is U,, reducible but U,; irreducible, the third term
is similarly U,; reducible but U,, irreducible, the last
term is reducible for both U,; and U,,, and, as it is re-
quired, the whole right-hand side is irreducible for all the
U. oS for the same reason that the right-hand side of
(3.15)is U 12 irreducible. By using Egs. (5.1), the factors
K'!; and K 24 can be ehmmated from (5.2) to obtain a
symmetrical expression of K, as

K°=K®+(h3+hyy—h3hoy)S (5.3a)
=K%+ 8§ —73mS , (5.3b)

in terms of the notations
hj= =h;=K;; U,j, i,j=1,2,3,4 (5.4a)
mi=my;=1—h;=1—K;U; , (5.4b)

which are similar to those by (4.1a) and (4.1b), except
here latin subscripts are used to refer to both the odd and
the even numbers without distinction. Thus Eq. (4.16) is
written, upon substituting the expression (5.3a) for K°
into J, as

S=(hyy+hyythythy+thiyt+hy)s
—(hyphsy+highs+hhy S +J° . (5.5)
Here

JO=K®—k@¥U (5.6)
which differs from J only by the term K° being changed
to K®. In Eq. (5.5), the four coordinates are involved on
exactly the same footing. Briefly, the equation can be
rewritten as

(77127734+1T147T32+7137Tz4_ 2)»§' =j0 . (5-73)
With the approximations
h;~KXU;, m;~1—KPU;, (5.7b)

we may regard Eq. (5.5) as a fundamental equation of S to
be solved.

Here it may be worthwhile to confirm that, by setting
K,3;=K,;,=0, Eq. (5.7a) is reduced to the equation

(T1yTaq+ T — 1S =J°, (5.8)

which is equivalent to Eq. (4. 16) except for the source
term J being changed to J% by further setting
K4 =K3,=0, it is reduced to

17'1277345 =j0= 7T34Kvoo , (5.9)

upon using K;;~K in J°. Hence 7,§ =K, which is a
reproduction of the original equation (3.11a) to the same
approximation on the right-hand side.

To investigate structure of the term K {3, introduced in
Eq. (5.1a), in some detail, we first substitute expression
(5.3b) of K° into the right-hand side of Eq. (4.5) and then



2562

write the result in the form

T1aTaaS =8 . (5.10)
Here
SO=K®+(h;,+h,)S, (5.11)

which differs from S of (4.5) only by the first term K° be-
ing replaced by K® and is therefore irreducible for both
U,; and U,,. Thus, since, from Egs. (5.1a) and (5.1b)

K'n:‘"'ng’ k'24=7724§ , (5.12)
we find, using (5.10), that

S=m;'m's°, (5.13)

Ky =m53!8%=(1+hy+hd,+---)S°, (5.14a)

Ky=m3'S°, (5.14b)

which show explicitly that Ki; contains U,,-reducible
terms as well as those Uy, -reducible terms [Fig. 8(b)].
Expression (5.2) for K° can be rewritten, in view of

Egs. (5.12), by
KVO=KVOO+h247TI3§+h137Tz4§+h13h24Sv' . (5.15)

Hence, upon substjtution into Egs. (3.21), we can write a
full expression of K . in the form

K, =K"+AK,, . (5.16a)
Here, for example,
AKvlz=K14K32j+(h2477'13+h137724+h13h24)§ 5 (5.16b)

showing a detailed structure of the U o -irreducible factor
K o 1O be in the generalizgd BS equation (4.7). Shown in
Fig. 9 is the diagram of K° by using Eq. (5.15) with K
and K3, of Eq. (5.12).

K13

=
o
I

[

+

..
*eun, It
COTTITRRELL S

UUCTT LT TP PIN eessuanna,
Lot oo Pt veee..
.. - ',

>,
v, .’
*eeseannasers®

FIG. 9. Structure of K’ (represented by a broken line in gig.
4) is shown as a sum of four terms by (5.2). The function K = is
represented by a dotted line.
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A. Fine structure of the optical relation

Expression (5.16a) for K, suggests that the X integrat-
ed version of optical relation (2.23) can be divided, upon
setting M =M®+ AM defined by Eq. (2.12) as the whole,
as

JaRAGRK®=2) " [(M®)*~MP],  (5.17)

JaRAGRAK =(2i)"[AM*—AM] , (5.18)
in consequence of Eq. (2.25). Equation (5.18) suggests
that the enhanced backscattering contributes to the main
part of AM, in view of AK,, having the structure of
(5.16b) whose first term is an exact version of the second
term in expression (3.30b) for AK =AK 12 and therefore
fully responsible for the enhanced backscattering.

B. Relationship to the Green’s function of fourth order

Equation (5.5) for S is equivalent to the original equa-
tion (3.8a) and is nonlinear in view of the coefficients K ;
depending on S through Egs. (4.13) and (5.3). By making
the approximation K;; zKi(}O, however, the equation be-
comes linear and the results can be written in terms of a
Green’s function 1,34, defined as the solution of the in-

tegral equation

(T2 14Ty + F1aTae— 2 123 = U (5.19a)

or the transposed equation
I 134 (T ag + T4y 1 3my —2)=UW | (5.19b)

with U™ of (3.12). Here the m,;’s are to be defined by Eq.
(5.7b) in terms of Kg-o. That is, from Eq. (3.23), the in-

coherent part J of I can be written as

T=UWS=1,,,,J°. (5.20)
The proof is given by substituting Eq. (5.7a) for J? into
the right-hand side of (5.20) and using Eq. (5.19b).

The Green’s function I,,3, can be shown to be the
fourth-order Green’s function, which is defined by

I,5,=(g*(1)g(2)g*(3)g(4)) (5.21)

and is governed by Eq. (5.19a), to first order. In the spe-
cial case in which K;, =K ,=K,;=K,,=0, Eq. (5.19a)
is reduced to 7,340 534 =U'"; hence the solution is
1534 =1,13,, as it should be.

VI. SUMMARY AND DISCUSSION

In principle the boundary condition can always be
written in the form (2.4), in terms of the p matrix B?
whose elements are determined once the height change of
the boundary surface is given [2]. This enables the origi-
nal wave equation (2.1) and the boundary equation (2.4)
to be unified to be written by one wave equation (2.6) or
by its Green’s function equation (2.9) written in space-
coordinate matrix form, wherein v is an effective medium
representing both the medium and the boundary on an
equal basis. Thus, with this unified wave equation, basic
equations of the statistical Green’s functions can be for-
mulated in the same fashion as in an inhomogeneously
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random medium and in an exact form without depending
on any approximation [(2.11)-(2.21) and (2.23)-(2.29)].
The basic matrices M and K are strictly defined by Egs.
(2.12) and (2.19), respectively, and various approxima-
tions are possible therefrom. A fixed scatterer g, embed-
ded in a semi-infinite random layer is considered with the
wave equation (3.44). Here the scattering matrix T of
the scatterer g, in a deterministic medium M, as defined
by (3.48), is assumed to be known either theoretically or
experimentally, in advance, and it is asked what is its
effective change caused by the medium fluctuation, which
should lead to the shadowing effect, enhanced back-
scattering, and other effects resulting from the multiple
scattering between the scatterer and the random medium
plus the boundary. A specific evaluation of the shadow-
ing and enhanced backscattering effects in this case was
made to the diffusion approximation in Ref. [10]. In the
case of a semi-infinite random layer, for example, the
boundary-value problem of enhanced backscattering is
reduced to find the last two terms K #1?) and K1>% in
expression (2.20) for K. These terms can be obtained,
based on the coordinate-interchange principle, from the
incoherent part of the solutions when the normal scatter-
ing is assumed throughout and also from the variety of
expressions that are available to choose from, as was
briefly reviewed with some additional expressions in Sec.
II. Here the coordinate interchange procedure is simple
when it is made through the optical expressions, with the
method as described in Appendix B; the method was pre-
viously applied to the case of a random layer to the
diffusion approximation [1].

The BS equation of the second-order Green’s function
can be rewritten as a function equation of the four coor-
dinates involved. The latter formalism enables us to
write the basic equations in a manifestly invariant form
against arbitrary interchange of the four coordinates
XX, i7j=1,2,3,4 (Sec. V), leading to a fundamental
function equation written in a fully symmetrical form by
Eq. (5.5). On the other hand, making the distinction be-
tween the coordinates of the complex conjugate wave
functions and those of the original wave functions, the
original BS equation (2.18) can be rewritten in a general
form by Eq. (4.7), with K, of the form of Egs. (4.13),
wherein the term K is irreducible for all the U w’s but is
still reducible with respect to U3 and U,,, having an
inner structure as given by (5.3) with the term K%, which
is irreducible for all the U;;’s. Thus the irreducible ma-
trix K is found to have the structure as given by Eqgs.
(5.16), together with relations (5.12) and (4.3) indicating
that the operation of 7;; on S yields the U;;-irreducible
part of S. The present formalism naturally leads us to the
fourth-order Green’s function defined by (5.21) as a basic
function, which is a coordinate matrix involving the four
coordinates on explicitly the same basis.

APPENDIX A: EXPRESSION OF T
IN TERMS OF M%)
AND THE SURFACE GREEN’S FUNCTION

We first introduce the Fourier representation of
GR—%') by
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GE—%)=2m) 2 [ drexp[—ir-(p—p')]
xXGz—z"), (A1)
with the transform
GOz —z")=[2ik,(A)] lexp[ —ih,(A)|z—2z'|]].  (A2)
Here
R (A)=[(kM)2—22112 |
kM =(k2+M) 2 ~k,, Im[kM]<0, 43

where M,i‘”(x)Lx=(k, h,), is the Fourier transform of
M/? and Im [A,1<0. Hence G,,(X[®’) of (2.41) has the
Fourier transform G, (z|z’) of the form

G (2|2 ) =GPz —2")8, + G O2)TIPG O (—2") .
(A4)
Here

T(12 =2 h <R(12)> TI(J;Z) , (AS)

where (R}?)#(R{!¥) is the reflection-transmission
coefficient of the boundary and, when it is perfectly
smooth,

h,—h
=12 (RPHY="TT. (A6)
h,+h, h +h2
As will be shown shortly, it is generally given in terms of
the 2X2 matrix M, the Fourier transform of M'? i
the p space, by

(R"D)=(ik —M"®)"(ih +M"?) , (A7)

where h is a diagonal matrix with the elements
h,,=h,5,,. Hence, setting z=z'=0 in (A4), the use of
Eq (A5) leads to the surface Green’s function

G(z=0|z'=0)=(h —M"?)"", (A8)

in a form similar to the original given by (2.11).

To derive Eq. (A7), we observe that, from Eq. (2.4), the
averaged boundary equation is given, in view of the
definition for M2 in (2.13), by

—aﬁ,“’(:pa(p))— fdp MyP(p—p )Py(p))  (A9)
and hence the Fourier transformed version is
—3,(P) =MD (P +MP (P, ,
7 (12 (12) (A10)
+3, () =M (F;) + M5 ($,)
Here we introduce a particular solution
exp(ifz)+exp(—ih,z){Ry; ),
(PMz2)) = (A11)

explih,(z+d,) (R, ), z<—d,,

written in terms of the reflection-transmission coefficients
(R,,;) and (R,,). Another solution, say, {($'*(z)), is
obtained by interchanging the role of the subscripts 1 and
2, with the coefficients {R,,) and (R,,). Thus those
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unknown (R;;)’s can be obtained, on substituting the
above two solutlons into Eq. (A10), as the solution of a
2 X 2 matrix equation

—ih+ik{R)=M""(1+(R))
which leads to Eq. (A7).

(A12)

APPENDIX B: OPTICAL TRANSFORMATION
AND COORDINATE INTERCHANGE

To write equations in optical form, we first introduce
relative coordinates T and p, which are defined by

(B1)

(B2)
so that

— AR AR, =0 +R5 . (B3)

Then we can write the matrix elements of K in the form

KX, 3% =K®p—p'l¥") , (B4)

in view of the translational invariance, approximately in
the vertical direction. Here K is usually a short-range
function of p—p’, with a nonzero range of the order of
the medium correlation distance. Hence we can write the
Fourier transform in the form

K(A'I’A'21)\'1’A'2 (2”)38(A’ A. )K(A| ,) ’ (BS)

the dependence of K(fi|d’) on A being suppressed. The
corresponding Fourier transform of S( pIT,p’) is writ-
ten in the original form by S(1, M Here by chang-
ing the variable @ by ﬁ uQ du uzdud Q, where
u =|1i| and Q——(ﬂ Q ), —1 is the unit vector, the op-
tical expression S(Q,p|0’ p') is obtained therefrom by
the Fourier inversion only w1th respect to Aand A".

As for the Fourier transform U of U, we utilize the re-
lation

U(1;2)=[G*(1)—G(2)]{GT'(2)—[G*(1)]"'} (B6)

to find the expression
U@,X)=6*@—1/2)G(0+1/2)
~m8(@2—k2)(ky —ifi-A)"! (B7)
|

3(2%/12+23)(ﬁ|k|ﬁ’)=

S az [° azuy@, -

=Q,Q!| _lfi)Ldz f;Ldz’ explid,z—iAz' 185/ 122 (Q,z|A|0",2") ,

where
—i(y,—iQ-A)Q L, Q,>0

(B19)
A= —ily,—iQ-ANQ,)"!, Q,<0.

2)§8/22 (G 2D, 2 U, 2")

KOICHI FURUTSU 51

Here k >y 2 |A| and
y=Qik)"(M*—M)A@) . (B8)

Hence we obtain an important relation that, for any slow-
ly changing function f (1),

2m7 [da 0@/ @)= [ ddT0@.1f@), ®Y)
where
T@Q,0)=(y—i8-X) " '=0(-0,-1), (B10)
FQ)=04m)"2f(G=kQ) . (B11)
Here the A, Fourier inversion of U (ﬁ,i) is
U@,z)=02m~! [da, exp(—ix 2)TU(Q,X)
1Q,| texp[—Q; iy —iQ-A)z], Q,z>0

while the three-dimensional inversion U (ﬁ,ﬁ ) is given
by

U@,p)=1p| 2exp(—y |p1)8X 8 —p/Ip])

AV A A (B13)
Ja@s¥@—-a9=1,
where 82({) is a two-dimensional 8 function with respect
to the solid angle (. Hence, for example, the optical ex-
pression of KUS becomes, according to formula (B9)

[ a0 k@8 T@",0)5@",R8,1) (B14)

where

S(@Q,X10,4)=47)"25@=kQ,Al5'=kQ",3"), (BI5)

A

and a similar expressron for K(Q|Q’) by (B11).

The optical expression of J3/'2*?¥) in (3.42), say,
7"5/12”3)(0 pIQ’,p') z=z'=0, is obtained by using the
expression

J4g/12+23) = U,S4%/12+ 3y, (B16)

similar to (2.54) and considering its Fourier trans-
form with respect to the p coordinates, say,
T2+ 2)(Q|A|Q), which is given with the aid of (B12)

by

(B17)
(B18)

To make the coordinate interchange X,<>X,, we ob-
serve from (B3) that the Fourier transformation function
is presently

expli( —A, &, +A, %, + A, %, — A, R,)] (B20)
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and the integral (B17), rewritten by
S (T ey PR
is changed to
3(2%/1”23)(614”14:7"32'632) .
Here, from (B2),

A
—_ —
kQ,=1,,=

(B21)

batd
»N

(

+ +

7
> > >
£

N

A A
kQy=1u3,=
A A
kﬂ,4—u14—

A PN 1
kQy)=1d3=7(

=

—~
w
&

~

(B22)

[SIE
—~

> > > >

w

[
~
-

and similarly
Ap=—A1tA;, Ay=—A3FA,,
Ap=—A—Ay Ap=—A3—A4,,

(B23)

with the relation
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A=Ay =Ay—Ay,, (B24)

while the corresponding A,’s are to be given according to
(B19) in terms of the A’s. Equations (B22) and (B23) are
expressed in terms of the original variables Q,,, Q34, A5,
and A,, by

A

0= 10, —8y) — k) 'R+ Ry

Q3 =3(D3,— Q) —(4k )M A tA)
Aiy=—k(Qp+ Q)+ 3R —A) ,
(B26)

A3p=—k(Qp+Q34)+ (R34 —Ayp) .

In the case of a fixed scatterer (Sec. III), the transla-
tional invariance does not hold any longer and A, and
A5, work as independent Fourier variables of integration,
in contrast to the transform (B21). The integral was
specifically evaluated to the diffusion approximation in
Ref. [10].
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